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Introduction 

Let G be a reductive linear algebraic group acting algebraically on a 
projective variety X, both denned over an algebraically closed field k. Let 
L be an ample G-linearized line bundle on X. Geometric Invariant Theory 
(GIT) associates to I a "quotient" Y(L) of X by G: 

F(L)=Proj(0r(X,L^) G ). (1) 

\n>0 / 

There is a natural G-invariant rational map tc : X > Y(L). The set 

where n is defined is: 

X SS (L) = {x G X : 3n > and u G T(X, L® n ) G such that a{x) ^ 0} . 

Points of X SS (L) are said to be semistable for L. The map it is obtained 
by gluing together categorical quotients of open affine G-stable subsets of 
X SS (L). As a consequence, each fiber of tt contains a unique closed G-orbit 
in X SS (L), and (Y(L),n) is a categorical quotient. In particular, Y(L) only 
depends on X SS (L) and is denoted by X SS (L)//G. We also define the open 
set of stable points: 

X s (L) = {iG X SS (L) such that G x is finite and G ■ x is closed in X SS (L)} , 

where G x is the stabilizer of x. It turns out that 7r _1 (7t(x)) — G • x, for all 
x G X s (L). We refer to P or H for the classical properties of this quotient. 

Observe that this GIT-quotient is not canonical: it depends on a choice 
of an ample G-linearized line bundle L over X (sometimes called a polariza- 
tion of X). During the last ten years, the question of variation of quotient 
X SS (L)/ /G under change of the ample G— linearized line bundle L has been 
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an active research subject. M. Brion and C. Procesi (see JT|) for a torus 
action and M. Thaddeus (see |L2[]) for the action of a reductive group have 
studied the question when the linearization varies but the line bundle does 
not. Recently, I. Dolgachev and Y. Hu obtained in |2| some results when L 
runs over all ample G-linearized line bundles. They introduced the notion 
of GIT-equivalence: two ample G-linearized line bundles L\ and L 2 are said 
to be GIT- equivalent if and only if X ss (Li) = X SS (L 2 ). Using G-homological 
equivalence, they introduced a convex cone in a finite dimensional real vec- 
tor space: the G-ample cone. The rational points of this cone give all GIT- 
quotients. The first theorem of shows that only a finite number of GIT- 
quotients can be obtained when L varies. A second problem is to understand 
the geometry of the variation of quotient. For this, given three ample G- 
linearized line bundles L_, L , L + such that X SS (L_) C X SS (L ) D X SS (L + ) 
one studies the transformation: 

X SS (L_)//G >X ss (L + )//G 




X SS (L )//G 

where the morphisms (f)± are induced by inclusions. In fl3|| , C. Walter gives 
a local model in etale topology for such a transformation. 

The goal of this paper is to study the geometry of the GIT-equivalence 
classes and its links with the inclusions X ss (Li) C X SS (L 2 ). More precisely, 
if C G (X) denotes the G-ample cone, we show the following: 

Theorem Let G be a reductive algebraic group acting algebraically on a nor- 
mal projective variety X . Then: 

(i) For alll G C G (X), 

C{1 ) = {I e C G (X) such that X ss (/ ) C X ss (/)} 

is a closed convex rational polyhedral cone in C (X). 

(ii) The cones C(l) form a fan covering C G (X) (the GIT-fan). 

(Hi) The GIT-equivalence classes are the relative interior of these cones. 
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We also study the relations between the geometry of the GIT-equivalence 
classes and the fibers of the morphisms X ss (Li)/ /G — > X SS (L 2 )/ /G induced 
by inclusions X ss (Li) C X SS (L2). We only use Geometric Invariant Theory 
contained in || and some classical results on instability In particular, our 
arguments are valid over any algebraically closed field and for any normal 
variety X. 

We begin with recalling the numerical criterion of stability due to Mum- 
ford. Then, we give some properties of this criterion due to Kempf, Kirwan, 
Mumford, Ness, Hesselink etc. The first section ends with the finiteness the- 
orem of I. Dolgachev and Y. Hu. Following and [12|], in a second section 
we introduce the algebraic equivalence for G-linearized line bundles and the 
G-ample cone. The third section is devoted to the study of stability in the 
closure of an orbit. In the fourth and fifth sections, we study the geometry 
of the GIT-classes. We summarize our results by introducing the GIT-fan 
in Theorem |j. Finally, we fix our attention on the fibers of morphisms <fi 
induced by inclusions of sets of semistable points: we describe these fibers in 
the case where G is a torus or SL(2) and we give examples for G = k* x SL(2). 

Acknowledgments. I would like to thank I. Dolgachev and Y. Hu for 
their questions which directed me and for their interest in my work. Thanks 
also to C. Walter for useful discussions. I am especially grateful to Michel 
Brion who initiated me into Geometric Invariant Theory and who gave me 
precious advice during the preparation of this article. 

1 The numerical criterion 

In this section we collect the notions and the results of Geometric Invariant 
Theory (see ||) which will be used throughout this paper. We work over an 
algebraically closed field k of arbitrary characteristic. 

1.1 The functions fi 

Let G be a reductive linear algebraic group acting algebraically on a normal 
irreducible projective variety X. Like in ||, we denote by Pic (X) the group 
of G-linearized line bundles on X. Let L G Pic G (X). Let x be a point in X 
and A be a one-parameter subgroup of G. Since X is complete, lim^o X(t)x 
exists; let xq denote this limit. The image of A fixes xq and so the group 
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k x acts via A on the fiber L xo . This action defines a character of k x , that 
is, an element of Z denoted by /i L (x, A). The numbers A) satisfy the 

following properties: 

(i) /j, L (g • x, g ■ A • fif" 1 ) = A) for any g <E G; 

(ii) for fixed x and A, the map L \— > fi L (x,X) is an homomorphism from 
Pic G (X) to Z. 

The numbers fi L (x, A) are used in || to give a numerical criterion for 
stability with respect to an ample G— linearized line bundle L: 

x G X SS (L) fi L (x, A) < for all one-parameter subgroups A, 

x G X S (L) •<=>- fi L (x, A) < for all non trivial A. 

1.2 Definition of the functions M*(x) 

Let T be a maximal torus of G. Denote the set of one-parameter subgroups 
of T (resp. G) by X+(T) (resp. X+(G)). We denote the real vector space 
X*(T) (g)R by Af*(T)]R. The Weyl group of T acts linearly on X*(T)^. Since 
W is finite, there exists a VT-invariant Euclidean norm || • || on A^(T)jr. On 
the other hand, if A G there exists g & G such that g • A • G Af*(T). 

Moreover, if two elements of X*(T) are conjugated by an element of G, then 
they are by an element of the normalizer of T (see ||). This allows us to 
define the norm of A by ||A|| = ||gr • A ■ 

Let L G Pic G (X). We can now introduce the following notations: 

7ji( X; A) = ^^, M L (x) = sup /I L (x,A). 

Actually, it is shown in that M L (x) is finite. The functions M'(x) : 
Pic (X) — > R will play a central role in the rest of the paper. 

1.3 M*(x) for a torus action 

In this subsection we assume that G = T is a torus. Let L be an ample T- 
linearized line bundle on X. Then, there exist a T-module V and a positive 
integer n such that X C P(V) and L® n = 0(l)\ x . Replacing L by we 
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assume that n = 1. We set V x = {v G V such that Wt G T t.v = x(t)v}. 
Then, we have: 

V= V x- 

Let x G X and t> G V such that [t>] = x. There exist unique vectors 
v x G V x such that v = J2 x v x- If A G X*(T) then there exists, for all 
% G Af*(T), an integer < A, x > such that for all t G T, we have: 

A(t).«= £ i <A >*V 

X GA"*(T) 

We identify X*(T) and Af*(T) with Z r in such a way that < -, • > is the 
standard inner product in 17' . 

Set st(x) = {x G ^*(T) such that v x ^ 0}. We have: 

A) = min < A, x > ■ 

xest(jc) 

The following proposition due to L.Ness gives a pleasant interpretation 
of the number M L (x): 

Proposition 1 (see j^f) With the above notations, we have: 

(i) The point x is unstable if and only if does not belong to the convex 
hull of st(x). In this case, M L (x) is the distance from to this convex 
hull. 

(ii) If x is semistable, the opposite ofM L (x) is the distance from to the 
boundary of this convex set. 

(Hi) There exists A G X*(T) such thatJI L (x,X) = M L (x). If moreover X is 
indivisible, we call it an adapted one-parameter subgroup for x. 

(iv) If x is unstable, there exists a unique adapted one-parameter subgroup 
for x. 

1.4 Properties of M*(x) 

Lemma 1 (see M) Let L be an ample G-linearized line bundle and T be 
a maximal torus of G. We denote by r T : Pic G (X) — > Pic T (X) the partial 
forgetful map. 

Then, for all x G X , the set of the numbers M rT ^ L '(g ■ x) for g G G is 
finite and M L (x) = max ffe c?M'" r '^ L '(g ■ x). 
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An indivisible one-parameter subgroup A of G is said to be adapted for x 
and L if and only if Jt L (x, A) = M L (x). Denote by A L (x) the set of adapted 
one-parameter subgroups for x. 

Corollary 1 (i) The numbers M L (x) are finite (even if L is not ample, 
see Proposition 1.1.6 in j^j). 

(ii) If L is ample, A L (x) is not empty. 

Now, we can reformulate the numerical criterion for stability: if L is 
ample, we have 

X SS (L) = {x G X : M L (x) < 0}, X S (L) = {x G X : M L (x) < 0}. 

To a one-parameter subgroup A of G we associate the parabolic subgroup 
(*«!): 

P(A) — Ig E G such that lim A(t).#.A(t) -1 exists in g\ . 

Then, for g G -P(A), we have /i L (x, A) = fi L (x, g.X.g" 1 ). The following theo- 
rem due to G. Kempf is a generalization of the last assertion of Proposition |l|. 

Theorem 1 (see W) Let x be an unstable point for an ample G-linearized 
line bundle L. Then: 

(i) All the -P(A) for A G A L (x) are equal. We denote by P L (x) this sub- 
group. 

(ii) Any two elements of A L (x) are conjugated by an element of P L (x). 
We will also use the following theorem of L. Ness. 



Theorem 2 (see j76|/j Let x and L be as in the above theorem. Let A be an 
adapted one-parameter subgroup for x andL. We consider y = lim^ A(t) -x. 
Then: 

(i) A G A L (y), 

(ii) M L (x) = M L (y). 
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1.5 Stratification of X induced from L 



If d > and < r > is a conjugacy class of one-parameter subgroups of G, we 
set: 

S^ <T> = {x eX such that M L (a;) = d and A L (a;)n < r >^ 0} . 

If T is the set of conjugacy classes of one-parameter subgroups, the previous 
section gives us the following decomposition of X: 

X = X SS (L) U |J S^ <T> . 

d>0, <r>eT 

W. Hesselink showed in [|J that this union is a finite stratification by G-stable 
locally closed subvarieties of X. We will call it the stratification induced from 
L. 

Using this stratification, I. Dolgachev and Y. Hu have shown the following 
fundamental finiteness theorem (see Theorem 1.3.9 in ||): 

Theorem 3 (i) The set of locally closed subvarieties S of X which can be 
realized as the stratum S^ <T> for some ample L G Pic (X), d > and 
t G X*{G) is finite. 

(ii) The set of possible open subsets of X which can be realized as the set of 
semistable points with respect to some ample G-linearized line bundle 
is finite. 



2 The G-ample cone 

2.1 Algebraic equivalence for G-line bundles 

Following I. Dolgachev and Y. Hu, we introduce the G-ample cone. As M. 
Thaddeus in [fL2| , we use algebraic equivalence of G-line bundles instead of 
homological equivalence. 

Two elements L\ and L 2 of Pic G (X) are said to be G -algebraically equiva- 
lent if there exist a connected variety S, points t\, t 2 G S, and a G-linearized 
line bundle L on S x X such that L\{ tl }xx = Li and L\{ t2 }xx = L 2 . Here, G 
acts on S x X via its action on the second factor. Let NS G (X) denote the 
quotient of Pic G (X) by this equivalence relation. The following proposition 
is analogous to Lemma 2.3.5 in M. 
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Proposition 2 Let x G X and A G X*(G). Let L 1 , L 2 G Pic (X) be G- 

algebraically equivalent. Then, A) = fi L2 (x,\). 



Proof : Let S, L, t\ and t 2 be as in the definition of the G-algebraic 
equivalence. Denote by y the point lim^o X(t)-x. The group k x acts via A on 
the fibers L^ y \ for all t G S. Consider the map S — ► Z, t i— ► fi L ((t,y), A). 
Obviously, this map is locally constant. By connectness of S we obtain 
/i Ll (x,A) = fi L ((t 1 ,y),\) = fj. L ((t 2 ,y),\) = ^(x,X). □ 

We denote by NS G (X) M (resp. NS G (X) Q ) the vector space NS G (X) ® R 
(resp. NS G (X) <g> Q). A point I G NS G (X) R is said to be rational if it 
belongs to NS G (X) Q . The forgetful map Pic (X) — ► Pic(X) descends to 
/ : NS G (X) — ► NS(X). We denote by X*(G) R (resp. X*(G) Q ) the vector 



space X*(G) ® R (resp. #*(G) ® Q). M. Thaddeus has proved in jTJ] the 
following: 



Proposition 3 T7ie map / induces an exact sequence: 



**(G) K — > NS G (X) M — > NS(X) R — > 

In particular, NS g (X)k is a finite dimensional real vector space. Proposi- 
tion | allows us to define ff(x, A) : NS G (X) — ► Z and M'(ac) : NS G (X) — ► 
R. By linearity, we can define n'(x, A) : NS G (X) M — > R. The function 
M'(ac) : NS G (X) M — > R is defined by the formula M l (x) = snp x Jl l (x, A). 

Lemma 2 Let iGl. The function NS g (X)r — > R, / i— > M'(x) zs convex 
and positively homogeneous. In particular, it is continuous. 



Proof : The functions M*(x) are the suprema of a family of linear forms. 

□ 



If I G NS G (X) M , we set 



X ss (/) = {x G X such that M l (x) < 0}, 
X s (I) = {xeX such that M l (x) < 0}. 



We denote by NS G (X)+ the convex cone generated by the classes of am- 
ple G-linearized line bundles in NS G (X)u. This cone is open in NS G (X) R . 
Indeed, it is the preimage by / of the ample cone, a strictly convex open 
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cone in NS(X)r. A point I in NS (X)k is said to be ample if and only if it 
belongs to NS G (X)+. 

A point I G NS G (X)^ is said to be effective if and only if X ss (/) is not 
empty. The set of effective points of NS G (X)j^ is denoted by C G (X) and 
called the G-ample cone. It is shown in || that the G-ample cone is convex. 
It may happen that C G (X) does not generate NS (X) R ; for example if G is 
a product H x k* and k* acts trivially on X. 

Two points / and /' in C (X) are said to be GIT- equivalent if and only 
if X SS (Z) = X ss {l r ). If l G NS G (X) + , the GIT-class of l is the set of all 
/ G NS G (X)^ that are GIT-equivalent to Zo- The purpose of this paper is to 
describe the map / G C G (X) i— > X SS (Z). More precisely, we will describe the 
geometry of the GIT-classes. 

Remark : Let I G C G (X). If I G NS G (X) Q , there exists a G-linearized 
line bundle L on X such that X ss (l) = X SS (L) and X S (Z) = X S (L). So, we 
have an algebraic quotient X ss (l)//G with all the properties of Geometric 
Invariant Theory. For example, if I is rational then the sets X ss (/) and X s (7) 
are open and a point x G X ss (/) belongs to X s (I) if and only if its stabilizer 
is finite and its orbit is closed in X ss (7). At this step of the paper, we do not 
know if these properties hold for X SS (Z) and X s (I) when I is not rational in 
C G (X). This will often lead us to assume that: I is rational. Actually, this 
assumption will turn out to be unnecessary because Proposition ^ will show 
that any I in C G (X) is GIT-equivalent to a rational one. 

2.2 A first property of the map / i— > X ss (l) 

The following proposition is a result of local monotonicity of the maps I h- > 
X ss (7) and I ^ X s (I). 

Proposition 4 Let l be a point in NS G (X)^. There exists a neighborhood 
V ofl such that X s (/ ) C X s (7) C X ss (7) C X ss (7 ) for all rational I G V. 

Proof : By Theorem^, there exist finitely many open subsets X|, . . . , X^ 
of X such that X s (I) is one of them for all I G NS g (X)q. We order these 
sets such that: 

(i) X s (Z )£Xf forz = l,...,p 

(ii) X s (/ ) cX 4 s for i = p + l,...,n. 
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Let us fix some points xi,...,x p in X s (/ ) such that G" X* for all 
% — 1, . . . ,p. By continuity of the functions M*(x), there exist neighborhoods 
V X1 ,..., V Xp of l in NS G (X)^ such that: 

v/ g v Xi n ns g '(x)q ^rfi). 

Let V denote the intersection of the V x .. For all Z G F D NS G (X) Q , X S (Z) 
is different from X^ for all % = 1, . . . ,p. Therefore, X s (l) is one of the sets 
Xp +1 , . . . , X* and contains X s 

Let (S n ) n6 N be a sequence of balls centered at Iq and contained in V such 
that the sequence of radii converges to zero. Let Xf , . . . , X| s be the open 
subsets of X such that X ss (l) is one of them for all I G NS G (X)+. We set: 

/„ = {i | 1 < i < k, 31 G B n n NS G (X) Q such that I ^ l Q and X ss (/) = Xf } 

The sequence (J n ) is decreasing. Since the sets I n are finite, the sequence 
I n is stationary (from a rank N). 

Let / G B N n NS G (X) Q and x G X ss (7). For all n, there exists l n G B„ 
such that x G X ss (/ n ) = X ss (l). Since the sequence l n converges to Iq and the 
function M'(x) is continuous, we have M'°(a;) < 0; that is x G X ss (/ ). And 
so X ss (/) C X ss (/ ). 

□ 

3 The stability set of a point 

Definition If x G X, the set {/ G NS G (X)+ such that x G X ss (/)} is denoted 
by Q(x). Observe that Q(x) = {I G NS G (X)+ such that M l (x) < 0}. The 
set fl(x) is called the stability set of x. 

The aim of this section is to describe the geometry of the stability sets. 
In other words, we fix a point x G X and study the semistability of this 
point when / varies in NS G (X)j^. Let G ■ x denote the closure of the orbit of 
x. In fact, the study of Q(x) will lead us to consider the GIT-classes of the 
G- variety G • x. 

3.1 A lemma on fi 

Lemma 3 Let I be a rational point in the G-ample cone. Let x G X ss (l) and 
A G X*(G). We denote by z the point lim^o X(t)x. 
If z is unstable for I then /J(x, A) < 0. 
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Proof : There exist a G-module V and a positive integer n such that 
X can be embedded into P(V) and the algebraic equivalence class of the 
restriction of 0(1) to X is Z® n . Replacing I by l® n , we may assume that 
n = 1. 

Let us assume that /^(x, A) is non negative. Since x is semistable for Z, we 
have fi (x, A) = 0. Let T be a maximal torus in G such that Im(A) C T, and 
let g G G. We consider A' = gXg^ 1 , x' — g-x and z' = g-z. Then, n l (x', A') = 
0. We use the notations of Section [L3|. Since z' = \im t ^ \'(t)x' , st(z') is 
equal to the intersection of st(x') and {x such that < x, A' >= fj}(x',X')}. 
So the set st(z') is a face of st(x') containing 0. In particular, z' is semistable 
for tt{1)- Finally, z is semistable for I. This proves the lemma. □ 

3.2 A first result of rationality 

Proposition 5 Let x G X. The stability set Q(x) of x is a convex cone 
and is closed in NS Moreover, the span of £l(x) is a rational vector 

subspace o/NS g (X)]r. In particular, Q(x) is the closure of its rational points. 

Proof : The first assertion is obvious because the function M'(x) is con- 
vex and positively homogeneous. The last assertion is a direct consequence 
of the first ones. Let us prove the second one. Let F C NS (X)r be the 
minimal rational vector subspace such that Q(x) is contained in F . Suppose 
that VL{x) does not span F. 

Since Q(x) is convex, its interior as a subset of F is empty. This implies 
that M (x) = 0, for all I G Q(x). Let I be a point in Q(x). There exists a 
sequence (l n ) of points in F not in Q(x) which converges to /. Since F is 
rational, we may assume that all l n are rational points. 

By Theorem |3], by extracting a subsequence, we may assume that all l n 
induce the same stratification s. For all n, x is unstable for l n . So there 
exists a non open stratum S of s containing x. Let Ao G A l °(x) and y = 
limt_»o Ao(t) • x. By Theorem |, ?/ 6 5, and so for all n we have M ln (x) = 
M ln (y). But now, the continuity of the functions M'(x) and M*(y) implies 
that M l (y) = M l (x) = 0. 

Since A fixes y, we have /i l (y, — A ) = —[i l {y, A ). So, M (y) = implies 
li (x, Ao) = is(y,Xo) = 0. But fi l °(x, Ao) > 0, so fi'(x,\o) is not zero on F. 
Therefore, the equation fi'(x, Ao) = defines an hyperplane of F containing 
I. 
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Moreover, the functions fi*(x, A) are rational on NS g (X)q. In particular, 
the set of the functions equal to A) for some one-parameter subgroup A is 
countable. Hence, Q(x) is contained in a countable union of hyperplanes of F. 
But Q(x) is convex, thus Q(x) is contained in such an hyperplane. Therefore, 
Q(x) is contained in a rational hyperplane of F . Since F is minimal, this is 
a contradiction. The second assertion of the proposition is proved. □ 

Note that Proposition [5] is proved in || in the special case when the 
codimension of Q(x) is equal to one. 

Corollary 2 The number of stability sets is finite. 

Proof : It is clear that the stability set of each point of X is an union of 
GIT-classes. So, by Theorem |3|, there exists only a finite number of sets of 
the form tt{x) n NS G (X) Q for x G X. Since Proposition |^ shows that fl(x) 
is the closure of £l(x) fl NS g (X)q, the corollary is proved. □ 

We also mention the well-known (see 0) 

Corollary 3 The G-ample cone C G (X) is closed in NS G (X)+. 

Proof : Since C G (X) = U x( zx^{x), Proposition |5| and Corollary ^ imply 
that C G (X) is closed in NS G (X)+. □ 

3.3 Geometry of Q(x) 

The following lemma is essential in the study of the geometry of the stability 
sets. 

Lemma 4 Let x G X and z G G ■ x — G ■ x. We assume that there exists a 
rational point Iq G C g (x) such that G ■ z is closed in X ss (l ). Then, there 
exists A G X*{G) such that 

(i) lim^o A(t) ■ x G G ■ z 

(u) n(x) C {/ G NS G (X) R such that A) < 0} 
(in) n(z) = {le NS G (X) M such that /j, l (x, A) = 0} n Q(x) 

Proof : The Hilbert-Mumford theorem (see @]) applied to X ss (l Q ) gives 
us a A G X*(G) such that lim^ \{t) -x G G- z. Denote by z' this limit. Since 
the image of A fixes z', if z' G X ss (/) then [i l (z', A) and ^ l (z', —A) = —/i l (z', A) 
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are negative or zero. So we have Q(z) = Q(z') C {/ such that fj}(z',X) = 
fi l (x, A) = 0}. 

Let I be a rational point in the stability set of z. Since X ss (l) is open and 
z G G ■ x, we have I G Q(x). But now, Proposition |5] implies that is 
contained in £l(x). The inclusion Q(x) C {/ G NS G (X) K such that fJ, l (x, A) < 
0} is obvious; it implies that £l(z) C {/ G NS G (X) K such that fx l (x,\) < 
0} n fl(x). We show the opposite inclusion. 

Let / be a rational point in fl(x) such that /i l (x, A) = 0. Then, Lemma ^ 
shows that z is semistable for I. So / belongs to the stability set of z. We 
conclude by density of rational points in {/ such that fi\x, A) = 0} fl Q(x) 
(which is the intersection of Q(x) and a rational hyperplane). □ 

Definition A polyhedral cone in NS G (X)^ is a subset of NS G (X)+ defined 
by a finite number of linear inequalities. Such a cone is said to be rational if 
the inequalities can be chosen to be rational. Let C be a polyhedral cone in 
NS G (X)j^. If / is a linear form on NS G (X) K non negative on C, the set of 
the points c in C such that /(c) = is said to be a face of C. 

Proposition 6 Let iGl. 

(i) There exists y G G ■ x such that: I belongs to the relative interior of 
Vt(y) if and only if G ■ y is closed in X ss (l). Moreover, Q(x) = £l(y). 

(ii) The stability set of x is a convex rational polyhedral cone in NS G (X)+. 

(Hi) The faces of Q(x) are exactly the sets Q(y) with y G G ■ x. 

Proof : Let Iq be a rational point in the relative interior of Q(x). Let 
y G G ■ x such that G ■ y is closed in X ss (/ ). Lemma § shows that fl(y) is 
a face of Q(x). Since Iq G fi(y), we have Q(x) = Q(y). In particular, for all 
z G X there exists z' G G ■ z such that Q(z) = Q(z') and G ■ z' is closed in 
X SS (Z) for some rational point / G C G (X). Now, Lemma ^ shows that the 
sets fl(z') with z' G G ■ x are faces of Q(x). 

Let I be a point in the relative boundary of Q(y). By Proposition [|, there 
exists a sequence (l n ) n >i of rational points in the vector space spanned by 
fl(y), but out of ft(y), which converges to /. By Theorem [|, by extracting 
a subsequence we may assume that all l n induce the same stratification. 
Now, like in the proof of Proposition |5] we choose A; G A ll (y) and we set 
Zi = lim t ^ A(t) • y. Then, z t G G ■ y and I G Vt(zi). Moreover, tt(zi) is 
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contained in the hyperplane of NS with equation fi'(y, \i) = 0, whereas 

fi(y) is not. Thus / belongs to fl(zi) which is a proper face of Q{y). 

We just proved that the relative boundary of Q(y) is the union of its 
faces Q(z) for some z G G ■ y. Now, Proposition [5] and Corollary |2| imply the 
second assertion of the proposition. 

Moreover, any face of codimension one of Q(y) is equal to Q(z) for some 
z G G ■ y. By induction on the codimension of the face, this proves that any 
face of Vt{y) is equal to Q(z) for some z G G • y. 

Let us prove that y satisfies the first assertion of the proposition. The 
above discussion shows that if I belongs to the relative boundary of Q(y) then 
G ■ y is not closed in X ss (7) (because z x G [G ■ y — G ■ y) fl X ss (l)). Conversely, 
let /' be a point in £l(y) such that G ■ y is not closed in X ss (l'). There exists 
z' G (G~y -G-y)n X ss (l'). Since G ■ y is closed in X ss (/ ), z' £ X ss (l ) and 
fl(z') is a proper face of Moreover, Q(z') contains I'. Thus /' does not 

belong to the relative interior of □ 

Definition A point x is said to be pivotal for I if x is semistable for I (or 
for the GIT-class, F of I) and G ■ x is closed in X SS (Z). A point x is said to be 
pivotal for Q if Q is the stability set of x and x is pivotal for some (or any) 
point in the relative interior of Q. 

Let us remark that I. Dolgachev and Y. Hu use in a notion of pivotal 
point which is close to ours. 

4 Geometry of the GIT-classes 
4.1 A fundamental lemma 

Up to now, we have studied the stability sets Q(x) and for this the quasi- 
homogeneous varieties G ■ x. For an arbitrary X, the GIT-class of a point / 
in NS G (X)j^ depends on the relative positions of I and the stability sets of 
the points of X. To show how the various stability sets are related, the main 
tool is the following: 

Lemma 5 Let li and l 2 be two points in the G-ample cone such that the set 
X ss (/!) is contained in X ss (l 2 ). Let x be a pivotal point for l 2 . 

Then there exists a pivotal point y for l\ such that x G G ■ y. Moreover, 
X s (l 2 ) is contained in X s (li). 
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Proof : Let us consider the following commutative diagram: 



X SS (h) r inClUSi ° n , X SS (l 2 



w h 



'I; 



X s * {h) //G — - — ► X ss (l 2 ) //G 

The image of is equal to 7T/ 2 (X ss (ix)). Moreover, 7T; 2 is surjective and 
X ss (Zi) is dense in X ss (/ 2 ). So 4> is dominant. Since X ss (li)//G is complete, 
is surjective. 

Therefore, there exists y E X ss (7i) such that ^{^hiu)) = n h( x )- Since 
y E n^ 1 (ni 2 (x)) and G ■ x is the unique closed orbit in it7 (iri 2 (x)), we have 
x E G ■ y. Moreover, x E G ■ y' for all y' G X ss (7i) n G ■ y. Therefore we can 
find y such that G ■ y is closed in X ss (/i) and x E G ■ y. This proves the first 
assertion of the lemma. 

Let x be a stable point for l 2 and let y be as above. Since G x is finite, 
G ■ x = G ■ y and x is semistable for l x . Moreover, G ■ x is closed in X ss (7 2 ) 
and hence in X ss (li). Thus, x is stable for l x . □ 

4.2 The geometry of a GIT-class 

Let F be a GIT-class. We denote by X SS (F) (resp. X s (F)) the subset X SS (Z) 
(resp. X s (/)) of X for some (or any) I E F. 

Lemma 6 Let F be a GIT-class. Then, 

F = p| Remit (fi(x)) 

x pivotal for F 

where Remit (f2(a;)) is the relative interior of the stability set of x. 

Proof : The first assertion of Proposition |] shows that F is contained in 
the intersection in the lemma. Conversely, let / be a point in this intersection. 
Then, X ss (7) contains each closed orbit of X SS (F), so X SS (F) is contained in 
X SS (Z). Let x E X ss (7) such that G ■ x is closed in X ss (/). By Lemma 
there exists y E X SS (F) such that x E G ■ y and G • y is closed in X SS (F). 
By assumption, I belongs to the relative interior of the stability set of y. 
Then, Proposition ^| implies that G ■ y is closed in X ss (7). So x E G ■ y, and 
X SS (Z) = X SS (F). The lemma is proved. □ 
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Proposition 7 Any GIT-class is the relative interior of a rational polyhedral 
cone in NS G (X)+. 

Proof : The proposition follows immediately from Lemma [], Proposi- 
tion P and Corollary |2|. □ 

Remark 

(i) This proposition implies that any point in C G (X) is GIT-equivalent 
to a rational point in C G (X). In particular, the second assertion of 
Theorem || Proposition ^ and Lemmas |3| and |5| hold for any real point 
inC G (X). 

(ii) Let us assume for a moment that X is a smooth complex variety. Let 
K be a maximal compact subgroup of G. Let w be a ^-invariant 
Kahlerian symplectic form on X and let be a moment map for the 
action of K. In this situation, X ss (co>, <p) = {x £ X such that G • x n 
_1 (O) 7^ 0} is called the set of semistable points. Then, X ss (u, <f>)//G 
is a complex space, homeomorphic to -1 (O)/.K". It turns out that 
X ss (u,(f))/ /G only depends on the class of u in H 2 (X, R) and on the 
choice of (see, for example Theorem 2.3.8 of @). On the other hand, 
NS(X) K is a subspace of H 2 (X, M). The theory of Kempf-Ness shows 
that if L and u; have the same class in H 2 (X, K), then the complex 
spaces X ss (u,(f))/ /G and X SS (L)//G are isomorphic. So, the previous 
proposition shows that if the class of ui belongs to NS(X)k, the complex 
space X ss (u, <p)//G is a projective algebraic variety. More generally, P. 
Heinzner and L. Migliorini showed in 0] that for all (o>, 0) the set 
X ss (a;, (f)) is equal to X SS (L) for some ample G-linearized line bundle L. 

4.3 The inclusion relations X SS {F) C X SS {F') 

Proposition 8 Let F and F' be two GIT-classes. The following assertions 
are equivalent: 

(i) F' intersects the closure of F in NS G (X)^ 

(ii) F' is contained in the closure of F in NS G (X)^ 
(Hi) X SS (F) is contained in X SS (F') 
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Proof : It is sufficient to prove that 

leF ^ X SS (F) cl ss (l), 

where F denotes the closure of F in NS G (X)^. 

If I G F, the continuity of the functions M*(x) implies that X SS (F) is 
contained in X ss (l). Conversely, let I G NS G (X)^ be such that X SS (F) C 
X ss (l). Let Iq be in F. Let x be a pivotal point for F. By Lemma |6], Iq belongs 
to the relative interior of Q(x). Moreover, the closure of F is contained in 
Q(x). Then, the segment [Zo;^[ is contained in the relative interior of Q(x). 
Now, Lemma [| shows that [Z ; l[ is contained in F. The proposition follows. 
□ 

Proposition 9 The relative interior of a face of a GIT-class is a GIT-class. 

Proof : Let F be a GIT-class. By induction on the codimension of the 
face in F, it is sufficient to prove the proposition for the maximal faces of F. 
Let F' be the relative interior of a maximal face of F. 

Proposition [8] shows that the closure of F is an union of GIT-classes. 
But, by Proposition ^|, F is the relative interior of its closure. Therefore, the 
relative boundary of F is an union of GIT-classes. Since, by Proposition [7] 
the GIT-classes are convex, this implies that the closure of F' is an union of 
GIT-classes. Moreover, the GIT-classes are open in their closure. So, F' is 
an union of GIT-classes. Thus, it is sufficient to prove that if l\ and l 2 belong 
to F', then they are GIT-equivalent. 

Let y be a pivotal point for l\. Let us prove that l 2 belongs to Vt{y). 
If y is semistable for F then l 2 belongs to the closed cone Q(y). Oth- 
erwise, by Lemma |^ there exists a pivotal point x for F such that y G 
G ■ x — G ■ x. Indeed, by Proposition || X SS (F) is contained in X ss (/i). In 
particular, by Lemma|, there exists A G X*(G) such that fl(y) = Q(x)n{l G 
NS g (X)]r such that fi l (x, A) = 0} and, if / belongs to the relative interior of 
Q(x) then [i l (x, A) < 0. But, the first assertion of Proposition |5] shows that 
F is contained in the relative interior of Q(x). Thus, the intersection be- 
tween the closure of F and Q(y) is a proper face of F containing l\. Then, 
F n Q,{y) = F'. In particular, l 2 belongs to ft(y). 

We just proved that all pivotal points for l\ are semistable for l 2 . This 
implies that X ss (li) is contained in X ss (/ 2 ). By symmetry, l\ and l 2 are 
GIT-equivalent. The proposition is proved. □ 
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5 Global geometry of the GIT-classes 



5.1 A notion of wall and chamber 

In this section, we introduce a notion of wall and chamber. Definitions close 
to ours have been considered by I. Dolgachev and Y. Hu in || and by M. 
Thaddeus in j|T2|. 



Definition A wall is a stability set of codimension one in C G (X). A 
chamber is a GIT-class of codimension in C°(X). 

By continuity of the functions M*(x), the GIT-classes such that X ss = X s 
are chambers. This is the notion of chamber of . But all the chambers are 
not like that: it is easy to find a G-action such that no GIT-class satisfies 
X ss = X s . The appendix of gives an example where some chambers satisfy 
X ss = X s and another does not. 



Proposition 10 The chambers are the connected components of the comple- 
ment in C G (X) of the union of the walls. The GIT-classes are the relative 
interiors of the faces of the chambers. 

Proof : The union of the closures of the chambers is closed. So its 
complement is an open subset of C G (X) covered by the GIT-classes of codi- 
mension greater that one: this complement is empty. So each GIT-class 
meets the closure of a chamber. Proposition [5] implies now the second asser- 
tion of the proposition. Moreover, each face of codimension one of a chamber 
is included in a wall. So, the G-ample cone is the disjoint union of the walls 
and the chambers. The proposition follows immediately. □ 

Proposition |H] implies that if we can determine the walls, we know all the 
GIT-classes. This remark is useful to calculate the GIT-classes on examples. 



5.2 The GIT-fan 

Definition A fan A in NS G (X)+ is a finite set of rational convex polyhedral 
cones in NS G (X)^ such that 

(i) each face of a cone in A is also a cone in A; 

(ii) The intersection of two cones in A is a face of each of them. 
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Most results of this paper about geometry of GIT-classes are summarized 
in the following theorem announced in the introduction: 

Theorem 4 Let G be a reductive algebraic group acting algebraically on a 
normal projective variety X . Then: 

(i) For alll G C G (X), 

C(l ) = {I e C G (X) such that X ss (/ ) C X ss (/)} 
is a closed convex rational polyhedral cone in C (X). 

(ii) The cones C(l) form a fan covering C G (X). 

(Hi) The GIT-classes are the relative interior of these cones. 
This fan is called the GIT-fan for the action of G on X. 

Proof : This theorem is a direct consequence of Propositions 0, ^], ^ 
and 0. □ 

5.3 Existence of stable points 

The following proposition gives an easy criterion on I for the existence of 
stable points. It was first proved by I. Dolgachev and Y.Hu with slightly 
different assumptions (see Propositions 3.2.8 and 3.3.5 in 0). 

Proposition 11 We assume that there exists Iq G C g (X) such that X s (l ) 
is not empty. Then, for I G C G (X), X s (I) is not empty if and only if I 
belongs to the interior ofC (X). 

Proof : Let I be a point in C G (X) such that X s (l) is not empty. Let 
x G X s (I). By continuity, the function M'(x) is negative on a neighborhood 
of /. Hence, / belongs to the interior of C G (X). 

Conversely, let / be a point in the interior of C (X). There exists a point 
li in C G (X) such that I belongs to the interval lo]. Since the sets X ss (li) 
and X s (l ) are open and non empty, there exists y G X ss (/i) flX s (/ ). Then, 
by convexity of the function M'(y), y is stable for I. The proposition is 
proved. □ 
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6 The morphisms induced by inclusions 



Propositions |8] and |10| show that for any GIT-class F there exists a chamber 
C such that X SS (C) C X SS (F). As a consequence, there exists a morphism 
(f) : X SS (C)//G — ► X SS (F)/ /G. Moreover, in the proof of Lemma [| we 
already observed that is surjective. So, the quotients corresponding to 
chambers dominate the other quotients. 

It could be interesting to compare two quotients corresponding to two 
distinct chambers C and C. In this situation, there exists a sequence of 
chambers C = C , Ci, . . . , C m = C such that for alH = 1, . . . , m, Cj_i fl 
is a maximal face of Cj_i and Cf, we denote by Fi the relative interior of 
this face. Then, by Theorem £§ we have: X SS (C ) C X ss (Fx) D X^CV) C 
X SS (F 2 ) D • • • C X ss (i^ m ) D X ss (C m ). These inclusions induce a sequence of 
morphisms: 

X SS (C )//G X SS (C 1 )//G' ••■ X ss (C m )//G. 

^+■1/ \^~' 2 <A+,y (2) 

"(FJI/G ■■■ X ss (F m )//G 

Observe that if there exists Iq G C g (X) such that X s (Iq) is not empty, 




then by Proposition |TT], X s (Fi) is not empty, for all i = 1, . . . , m. In partic- 
ular, the morphisms are birational. These morphisms are studied in 
12] , and in various degrees of generality. In this section, our aim is 



to study the geometry of the fibers of the morphisms <j)± t %. 

More generally, let us fix two effective ample G-linearized line bundles L\ 
and L2 on X such that X ss (Li) C X SS (L2). Consider the following commu- 
tative diagram: 

xss(Li) r inclusion > 

(3) 

X ss (Lx)//G — X SS (L 2 )//G 

We will obtain general descriptions of the fibers of <fi in terms of quotients 
of affine subvarieties of X by stabilizers of pivotal points for L 2 . Then, we 
will come back to the situation in (0) and produce pathological examples. 



20 



6.1 The fibers of the morphisms induced by inclusions 

If H is an algebraic group, we denote by H° the neutral component of H . If 
V is a if -module, the set of all v G V such that G H.v is called the nilcone 
of V. Let if be a reductive group and Y be a if-variety. If \ denotes a 
character of H, we denote by L x the trivial line bundle on Y linearized by: 
h ■ (y, t) = (h ■ y, x(h)t) Wh G H, y G Y and t G k. If Y is affine, we denote 
by Y//H the affine quotient, namely Spec (k[Y] H y 

Lemma 7 Let H be a reductive group and E be an affine H -variety (non 
necessarily irreducible) with a fixed point x. We assume that {x} is the only 
closed orbit of H m E. Then: 

(i) The map X*{H) — > Pic H (E) 7 X 1 — > -^x ^ s an isomorphism. 

(ii) We have E SS (L X ) = E if and only if x is of finite order. 

Proof : Let L be a linearized line bundle on E. The action of H on the 
fiber L x gives a character x of H. Since E is affine, there exists a section s 
of L such that s(x) ^ 0. The set of zeroes of s is closed, if-stable and does 
not contain x : it is empty. So L is trivial as a line bundle. This implies the 
first assertion. 

Let L x G Pic f/ (E) such that E SS (L X ) = E. By definition, for some n > 0, 
there exists s G T(E, L® n ) H such that s(x) ^ 0. This shows that nx is trivial. 
The second assertion of the lemma follows. □ 

Proposition 12 Let Li, L 2 , 7i"i, 7r 2 and /zfce in Diagram [|. Let x be a 
pivotal point for L 2 which is not semistable for L\. We denote by H the 
stabilizer of x. Set E = {y G X such that x G H ■ y}. Then, 

(i) H is reductive, 

(ii) E is affine, 

(Hi) _1 (7r 2 (x)) is isomorphic to E ss (L!| E )//iJ. 

Moreover, there exists a unique character x of H of infinite order such that 
Li|£ = L x in Pzc H (E). //, in addition X is smooth then the H -variety E is 
isomorphic to the nilcone of a H -module. 
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Proof : Set Z = n^ 1 (7r 2 (x)). Then Z is affine. Since G ■ x is closed in 
Z, it is affine. Hence, Matsushima's theorem shows that H is reductive. 

Let 7i : Z — ► ZjjH denote the quotient map. Since X SS (L2) is open in 
X and contains x, E is contained in X SS (L2). Then, E is contained in Z and 
7T _1 (7r(x)) = E. In particular, E is affine. 

Since Z is affine and contains G-x as a unique closed orbit of G, the Etale 
Slice Theorem of Luna (see ||) shows that Z is equivariantly isomorphic to 
the fiber product Gx^E. But, by the commutativity of Diagram |3] and the 
surjectivity of 7Ti, the fiber (7r 2 (x)) is equal to t\\ (X ss (Li) H Z). 

Since Z is G-stable and closed in X ss (Li), tti (Z fl X ss (Li)) is isomorphic 
to Z SB (Lu z )/ /G. Moreover, for all L e Pic G (G E) the restriction map 

from r(G x# E, L) G to T fE, L\-^) H is an isomorphism. We conclude that: 
y ~Z BB (L 1]Z )//G~Z SS (L 1{1: )//H. 

By Lemma 0, there exists a unique x ^ X*(H) such that Lji^ = L x . 
Since x ^ E ss (Li| S ), Lemma |^ shows that x is °f infinite order. 

If in addition X is smooth, the Etale Slice Theorem shows that E is 
equivariantly isomorphic to the nilcone of the normal space T X X /T X (G ■ x) 
to G ■ x in X at the point x. The proposition is proved. □ 



Remark : Conversely, let if be a reductive group, x be a character of 
infinite order of H and M be the nilcone of a if-module V. Then, the variety 
J\f ss (L x )/ / H occurs as a fiber of a morphism like in Proposition 12. 



Indeed, let X = P(V © fc). We define an action of H on X and a lin- 
earization of 0(1) by the formula: h ■ (v,t) = (h ■ v,t) for all h 6 H, v E 
y and £ G fc. We denote by L the line bundle 0(1) so linearized. Let 
7i : X SS (L) — > X SS (L)//G be the quotient map. It is easy to show that 
7T _1 (7r([0 : 1])) = A/". On the other hand, by Proposition || for n large 
enough, x ss (L® n (g> x) is contained in X SS (L). Let denote the induced 



morphism from X ss (L® n ® x)/ JG to X SS (L)//G. Then, by Proposition [T^, 
0- 1 (tt([0 : 1])) is isomorphic to Af ss (L x )//H. 

Proposition 13 We assume that G is connected. We use the notations 
and assumptions of Proposition Let Y be an irreducible component of 



4> (t t 2 (x)). Then, there exists an irreducible component S of E such that 
tti (X SS (L!) n G~S) is equal to Y. 

Let Hs denote the stabilizer of S in H . Let x be as in Proposition |7I| and 
K s = Kerx H H S - Then, we have: 
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(i) the group Hs/Ks — k* acts on S/ /Kg with a unique closed orbit which 
is a fixed point. 

(ii) k[S//K s ] = ® nm k[S//K s ]n, where 

k[S//K s ] n = {fe k[S] such that h-f = ( X (h)) n f Wh e H s } . 

(Hi) S ss (L lls )//H s is equal to Proj (0 n > o k[S//H s ] n ) . 

Moreover, there exists a birational finite morphism from S ss (Lii S )/ /Hg onto 
Y. 



Proof : Since by Proposition [12], 1 (7r 2 (x)) ~ £ ss (Li| S )//if, the first 



assertion is obvious. Consider the surjective map: 

9 : H x Hs S — ► H-S 
(h : s) i — ► h ■ s. 

Since H° stabilizes S, H/ Hs is finite. In particular, as a variety (without 
action of H), the fiber product H x# s S is isomorphic to H/Hs x S. Thus, 
9 is finite. 

Let (H ■ S)o denote the set of all x G H ■ S which belong to an unique 
irreducible component of H ■ S. Set S = (H ■ S) H S. One can easily prove 
that the restriction of 9 to H x# s So is an isomorphism onto (H ■ S)q. Thus, 
9 is finite, surjective and birational. 

The restriction map p : Pic H (H Xjj s S) — > Pic Hs (S) is an isomorphism. 
We also denote by Lug the iJ-linearized line bundle L on H x Hs S such that 
p(L) = L\\g. Then, 9 induces a finite birational morphism: 

: (H x Hs ST(L MS )//H — (fT • Sr(L llH . s )//H ~ K 

Since G has a unique closed orbit in ff^ 1 (7r 2 (x)), the point x is the unique 
closed orbit of H in E. As a consequence, {x} is the unique closed orbit of 
Hg in S. Now, k[S / / Kg\ Hs / Ks = k[S] Hs is equal to k. As a consequence, 
S 1 / 1 Kg contains a unique closed orbit of Hg/Kg. 

Since x is of infinite order, the group Hg/Kg is isomorphic to k* via x- 
Then, the rational Hg/Kg-modu\e k[S//K s ] is equal to © ngZ k[S / / Kg] n . 
Let n be a negative integer and / G k[S/ /Kg] n . By assumption, S SS (L X ) = 
X ss (Li) R S 1 is not empty; so there exists n > such that k[S//Ks\no 
contains a non zero function / . Then f n °fQ belongs to k[S/ /Kg] = k[S] Hs 
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and must be constant. By evaluating at x this implies that / = 0. Assertion 
(ii) follows immediately. 

Since T(S,L® n ) = k[S//K s } n and L 1]s = L x , we have: 

(H x Hs Sr(L lls )//H ~ S ss (L lls )//H s ~ Proj [®k[S//K s ] 

\n>0 

Now, the proposition follows from the properties of 9. □ 
Remark : We will give an example where 9 is not an isomorphism in Section 

M 

6.2 The stabilizers of pivotal points and the stability 

sets 

Proposition 14 Let x G X . Then there exists a point y G X such that: 

(i) x G G ■ y 
(ii) Q(x) c Q(y) 

(Hi) the interior of Q(y) in C G (X) is not empty 

(iv) there exists a character \ of infinite order of G x such that G y is con- 
tained in the kernel of x- 

Proof : Let us prove the three first assertion by induction on the codi- 
mension of Q(x). If this codimension is zero, then we can take y = x. 
Otherwise, let I be a point in Q(x). Since the codimension of Q(x) in 
C G (X) is at least one, there exists a line T> such that T> D Q(x) = {1} and 
T> n C (X) {/}. Moreover, by Proposition |4], there exists V ET> such that 
V ^ I and X ss (l') C X ss (l). Lemma | gives x' G X ss (/') such that x G CTx 1 . 
But now, since G" fl(x), Q(x) is a proper face of Q(x'). By induction, the 
proposition holds for Q(x'). Therefore, there exists y G X which satisfies the 
three first conditions of the proposition. 

Let us prove that replacing y by a point of G • y, we can obtain the last 
condition. Let li (resp. I2) be in the relative interior of Q{y) (resp. Q(x)). 
Consider the G- variety G ■ y denoted by X y . Since G ■ y is dense in X y , 
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the variety Xy S (l 2 \ Xy )//G is a point. In particular, X y s (l 2 \x y ) is affine and 
contains G ■ x as unique closed orbit. Let £ = {z G -X"u S (^2|x v ) such that x G 
G-r • 2}. By the Etale Slice Theorem, the G-variety X y s (l 2 \x y ) is isomorphic 
to G x Gi S. Replacing y by a point in G • we may assume that y G S. 
Then, G y is contained in G^. 

Let L x be a G-linearized line bundle on X in the homological class l\. 
Let x be the character of G x which gives the action of G x on the fiber L% x . 



Then, by Proposition [12], the restriction of L\ to S is L x and the order of 
X is infinite. Moreover, y is semistable for L%. Thus, there exist a positive 
integer n and / G fc[E] such that h- f = x(h) n f for all h G G x and /(?/) 7^ 0. 
In particular, the restriction of x to G y is trivial. The proposition is proved. 
□ 

Proposition 15 Let x be a point of X which is pivotal for its stability set. 
Then the rank of the character group of G x is at least the codimension of 
Q(x) in the G-ample cone. 

Proof : Let y be a point of X which satisfies the conditions of Propo- 
sition [14]. Let c denote the codimension of Q(x) in C G (X). There exists a 
sequence Q(x) — Qq C Oi C • • • C O c = Q(y) of faces of £l(y) such that 
for all i = 1, . . . , c, the codimension of in fij is equal to one. For all 
i — 0, . . . , c, let li be a point in the relative interior of 

Let H denote the stabilizer of x in G. Consider X y = G ■ y and £ y = {z G 
X y such that x & H ■ z}. By Proposition |^, for all « = 1, . . . , c, X y s (li\ Xy ) 
is strictly contained in X^{li^ Xy ). Then, X ss (7 ) fl X,, ~ G x H £ y implies 
that S^ s (Zj| Ss ) is strictly contained in £® s (ii-i| Sy )■ 

On the other hand, replacing y by a point in G • y, we may assume the 
y G S r Let be an irreducible component of T, y containing y. Since 
X ss (7 ) H X y is isomorphic to the fiber product G x H T, y , G x H (H ■ S y ) 
contains G • y. Then, T, y = H ■ S y and thus, for all % = 0, . . . , c, we have 
^ s (/i| S J = H ■ Sy{k\ Sy ). In particular, S y {li\ Sy ) is strictly contained in 
S y( l i-i\ Sy ), for all i = l,...,c. 

But by Theorem f|, this implies that the (^)o<i< c are affinely independent 
in NS ff (S y )$L. Moreover, by Proposition [12], for alH = 0, . . . , c, there exists 
a character \i of G x such that L X4 belongs to the class Ijw . Thus, xo, ■ ■ ■ , Xc 
are affinely independent. The Proposition follows. □ 

Remark : 1. Proposition ^ is false with Q(x) replaced by a GIT-class. See 
for example: a linear action of the two dimensional torus T on P 3 such that 
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no weight is contained in the convex hull of the three others. 

2. If the codimension of Q(x) is equal to the rank of G, Proposition 15 
implies that the neutral component of the stabilizer of x is a torus. Arguing 



as in the proof of the last assertion of Proposition [L4|, this implies that for 
all y G X such that x G G ■ y, the neutral component of G y is a torus. 

6.3 The case where the stabilizer of a pivotal point is 
a torus 

Proposition 16 With the notations of Propositions and [T|, if H° is a 

torus, then: 

(i) there exists a one-parameter subgroup A of H such that S is an irre- 
ducible component of {y G X : lim^o A(t)y = x}. 

(ii) If in addition X is smooth, then S is equivariantly isomorphic to a H$- 
module and S ss [Lx\s) 1 1 H s is the quotient of a projective toric variety 
by a finite group. Moreover, this quotient is the normalization ofY. 

(Hi) If in addition the rank of H° is equal to one, then <f)~ 1 (7T2(x)) is iso- 
morphic to the quotient of a weighted projective space by a finite group. 

Proof : The first assertion is a well-known fact about torus actions. Let 
us assume that X is smooth. Then, E is isomorphic to a nilcone for the 
action of the torus H°. In particular, the irreducible component S of S is 
equivariantly isomorphic to an if^-module, denoted by V. 

Let T be a maximal torus of GL(V) containing the image of H°. Let 
Ly denote the restriction (after identification of V with S) of L\ to V. 
The semistability of a point v in V for Ly depends only on the weights 
of v for the action of H° . In particular, T stabilizes the open set V ss (Ly). 
Moreover, the actions of H° and of T on V commute. Hence, T acts on 
V ss (Ly) 1 1 'H° . Because T has a dense orbit in V, it has a dense orbit in 
V ss (Ly)//H°, too. Thus, S SS (L 1]S )//H S is the quotient of the projective 
toric variety V ss (Ly)/ /H° by the finite group Hs/H°. Moreover, this quo- 
tient is normal. Then, the birational finite morphism of Proposition O is the 
normalization of Y. 

From now on, we assume in addition that H° is isomorphic to k*. Then, 
S isomorphic to a A;*-module and by Proposition |13|, S SS (L^ S )/ /H s is the 
quotient of a weighted projective space by H s /H°. Moreover, an easy study 
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of the linear actions of k* shows that £ has at most two irreducible compo- 
nents, and that £ D V ss (Li\ v ) is contained in one irreducible component of 



S. In particular, with the notations of Proposition [13], H$ = H. But, by 
Proposition |L2|, _1 (7T 2 (x)) is isomorphic to £ ss (Li| E )//if . Then, 0~ 1 (7r 2 (x)) 
is isomorphic to S SS (L^ S )/ /H. Assertion (Hi) of the proposition is proved. 
□ 



Remark : With additional assumptions, Part (Hi) of Proposition [L6| was 
proved, by different methods, by M. Thaddeus in |T2|] and by I. Dolgachev 
and Y. Hu in . In particular, I. Dolgachev and Y. Hu have shown that the 



assumptions of Proposition 16 are fulfilled for the diagonal action of G on 



X x G/B, where B is a Borel subgroup of G. 

The following proposition is an application of Propositions ITS and ITBI to 



the actions of SL(2). 

Proposition 17 Let X be a SL(2) -variety. Then: 

(i) Any wall is the intersection of an hyperplane and NS (^)r- 

(ii) Let <p be a morphism like in Diagram |3|. We assume that X is smooth. 
Then the fibers of <p are weighted projective spaces. 

Proof : Since the rank of SL(2) is equal to one, Proposition |15| shows that 
the codimension of Q(x) is less than one for all x G X. Now, by Proposition^, 
a wall cannot have a boundary in NS G (X)^. The first assertion follows 
immediately. 

From now on, we assume that X is smooth. Let L\, L 2 , tti, 7T2, <p, x, H 
and £ like in Propositions Then, if is a reductive subgroup of SL(2) which 



has a character of infinite order. This implies easily that if is a maximal torus 
of SL(2). Then, Propositions and [13] shows that (^(x)) is isomorphic 
to a weighted projective space. □ 



As an example, we refer to [|TT[ for a detailed study of the diagonal action 
of SL(2) on (P 1 )™. 

6.4 Actions of k* x SL(2) 

We use the notations of Proposition [1^. Let F 1 (resp. F 2 ) denote the GIT- 
class of Li (resp. L 2 ). Proposition |l^ shows that the fibers of </> are simpler 
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when H is small. Moreover, Propositions [TJ| and O show that H is small 



when the dimension of Q{x) is large. As a consequence, natural restrictions 
in the study of the morphism <p are: 

{Hi) Fi is a chamber 
{H 2 ) codim(F 2 ) = 1 

where codim(F2) is the codimension of F 2 in C G {X). Moreover, these as- 
sumptions are fulfilled for the morphisms <f>±j considered in Diagram |2|. On 



the other hand, Propositions O and 16 are more precise if X is smooth. 



Actually, in and |12| the assumption {Hi) is replaced by: X ss {Fi) = 
X s {Fi). Yet, if one wants to apply Construction |2] to two chambers C and 
C such that X SS {C) = X s (C) and X SS {C) = X s (C), one may have to 
consider chambers Cj such that X ss {Ci) ^ X s {Ci). This happens indeed for 
G = k* x SL(2), see the example in the appendix of ||. 

On the other hand, if G is a torus and {Hi), {H 2 ) hold, then the fibers of <j) 
are weighted projective spaces (this follows from 0] or from Proposition jlB]) . 
The same holds if G = SL(2) by Proposition [T7|. Yet, the following examples 
show that for the actions of k* x SL(2) on a smooth variety, various varieties 
can occur as fibers of <ft, even under the assumptions {Hi) and {H 2 ). We will 
give two examples where the morphism <p satisfies Assumptions {Hi) and 
{H 2 ), whereas (f> has 

(i) a reducible fiber, or 

(ii) an irreducible and non normal fiber. 

We will need the following technical lemma. 



Lemma 8 Let V be a finite dimensional vector space. Let V + and V- be two 
vector subspaces. Let H be a reductive group acting on V + U V_. Let H + 
denote the stabilizer ofV + in H. We assume that V + UV_ = H ■ V + and that 
H/H + acts trivially on {V + H VJ)/ / H + . Then, we have: 

{V + U V.)l/H ~ V+//H+. 

Proof : We claim that the restriction maps from /c[V + U V_] to k[V + ] and 
k[V-] induces an isomorphism: 

k\V + U VJ\ ~ {(/+, /_) G k[V + ] x k\y.\ such that f +lv+nv _ = f. lv+nv _ } . 



28 



Endeed, let f± G k[V±] such that /+iy + nv_ = f-\v nV- ■ Let W be a vector 
subspace of V and W± be two vector subspaces of V± such that V = W © 
W+ © W- © (V+ n VI). We define a function / on V by the formula: /(to + 
w + + U7_ + v) — f+(w+ + v ) + f-(w- + v) — f+(v) for all w6 tu± G W± 
and f G V+ PI V_. Then, / is regular on V and the restrictions of / to V+ 
and V_ are respectively equal to / + and /_. The claim follows easily. 

Now, we consider the morphism 9 : H x H+ V + — ► V + U VI induced by 
the action of H on V+ U V-. Via the comorphism 9* of 9, k[V + U VI] is 
identified to a subalgebra of k[H x H+ V + }. In particular, 9*(k[V + U VC_] H ) C 
k[H x H+ V+] H - k[V+} H +. 

It is sufficient to prove that 9* (k[V + UV_] H ) = k[H x H+ V + ] H . Let 
/ G k[H x H+ V + ] H . Let s e V + and h G H such that h ■ s e V+. Consider 
the quotient map, n : V + — ► V+//H+. If h G then 7r(s) = 7r(7i ■ s). 
Otherwise, h ■ s G V+ D V_. But #/#y + acts trivially on (V+ n V-)//H+. 
Then, 7r(s) = ir(h ■ s). Thus, for all s G V+ and h G H such that h ■ s E V+, 
we have /(l : s) = /(l : h ■ s). Now, the claim implies that / belongs to 
9* {k\V + U Vlj^J. The lemma follows immediately. □ 

Examples We begin by fixing some notation. From now on, G denotes the 
group k* x SL(2). Let Xo denote the character of G defined by Xoit^g) — t 
for all t G k* and g G SL(2). Let T be the maximal torus of SL(2) of diagonal 
matrices and N(T) be its normalizer. 

Let n G Z and d G N. We denote by Vd the SL(2)-module of binary 
forms of degree d in variables a and b. We define an action of k* on Vd which 
commutes to the action of SL(2) by the formula: t ■ v — t n v for all t G k* and 
v G Vj,. We obtain a G-module denoted by Vd, n - 

Let W be a G-module (two specific choices of VF will be given below). 

Set 

X = F{V 2;0 ) xP(VF©y ,i)- 
Let 7Ti : X — > P(y 2 ,o) and vr 2 : X — > P(VF © V^i) denote the projection 
maps. Set L\ = 7r*(C(l)) and L 2 = 7r|((!?(l)). We linearize Li and L 2 
canonically; that is, such that T(X, L\)* is G-isomorphic to V^^ and T(X, L 2 )* 
to VF © Vb,i. With the notations of Section [Q| , we have : Pic G (X) = 
NS G (X) = ZLi © ZL 2 © ZL X0 . Let R >0 denote the interval ]0; +oo[. Then, 

NS G (X)+ = R >0 Li + R >0 L 2 + RL X0 . 

The decomposition of V 2 in eigenspaces for the action of T is V 2 = k.a 2 © 
k.ab@k.b 2 . Denote the elements of X by ([/], [(w, r)]) where f E V 2 , w E W 
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and r G Vo,i- Consider 

x = (H,[(0,l)]). 

We have G xo = k* x N(T). We identify, as vector spaces, T X0 X with (A;. a 2 © 
O 2 ) x VF, and T XQ (G ■ x ) with k.a 2 © A;.6 2 . In particular, T X0 X/T XQ (G ■ x ) 
is isomorphic to W as a vector space. Let p : G — > GL(W) denote the 
morphism induced by the action of G on W. We denote by W © — Xo the 
representation of k* x N(T) given by p : k* x JV(T) — ► GL(W), (t , *i) | -» 
t$ 1 p((to, t\)). Then, we have the following isomorphism of k* x iV(T)-modules: 

T Xo X/T xo {G-x Q )~W®- X o. 

Let m and n be positive integers. Let V m,n denote the G-module V®™ © 
(W © 1V)® n . Consider the Segre embedding i of X in P(V m > n ). Let L TO)7l 
be the line bundle 0(1) on P(V rm,ri ) canonically linearized; in particular, 
i*(L m>n ) = mLi + nL 2 in Pic G (X). 

Let us use the notations of Section [L3] for the action of k* x T on V m,n . 
For all x G X, the vertices of Conv(st(z m>n (x))) belong to the set: 

V = {ma + n(3 such that a G st(V 2 ,o) and /? G st(W © Vq,i)}. 

Let Xi denote the character of k* x T defined by: Xi(^o,^i) = ^i for all 
(t ,*i) ek* xT. Then, x T) = Z^o © Z*i. We have: st(i m , n (x )) = 

{nxo}- Moreover, for all g G G, nxo belongs to st(i m>n (g ■ xq)). One can 
easily conclude that a point L\ + qL 2 + 9L X0 G NS G (X)^ belongs to fi(x ) if 
and only if q = 9. 

A first choice of W 

Set 

W = Vi-n © Vx-i © V 1A © ^i j3 . 

The weights of the action of k* x T on © — Xo are the crosses on 
Figure [l]. The meaning of the polytopes J\fi jU , Af 2tU and Mz,d on Figure p] will 
be explained later. 

Set g = n/m. The set V is represented by crosses on Figure || after 
dilatation of ratio 1/m. 

Set / = Li+36(L 2 + L xo ) . Note that l belongs to fl(x ). Set /_ = l — L X0 
and l + = lo + L Xo . We denote respectively by C± the GIT-class of l±. One 
can easily see on Figure |2| that for q = 36 the points 35xo and 37xo do 
not belong to the boundary of a polytope with vertices in V. We conclude 
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Figure 2: The set V. 
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that C + and C_ are chambers such that X SS (C±) = X S (C±). By similar 
arguments one can show that the GIT-class F Q of Iq is a face of C + and C_. 
Moreover, the codimension of Fq in C G (X) is equal to one. In particular, we 
have: X SS (C_) C X SS (F ) D X SS (C + ). These inclusions induce a diagram: 

X SS (C_)//G X ss (C+)//G 




X SS (F )//G 

Let A/" denote the nilcone of W <S> — Xo f° r the action of A;* x N(T). Let 
(ei, . . . , e g ) be a base of W of eigenvectors for k* x T such that the weight 
of 6i is the cross z on Figure |]. Let (xi,...,xg) denote the dual basis of 
(ei, . . . , eg). A vector v G W belongs to AT if and only if does not belong to 
the convex hull of the weights of v for k* x T. In particular, the irreducible 
components of Af correspond to the maximal convex hulls of weights of k* x T 
which do not contain 0. We obtain six irreducible components for Af. The 
equations of these six components are: 

Afi )U '■ x 6 = x 7 = x 8 = M\^d '■ x 2 = x 3 = Xi = 

Af 2 , u '■ X A = X 7 = X 8 = Af 2)d '■ X 3 = X 4 = Xg = 

Af 3 , u : xi = x 2 = x 5 = x G = x 7 = A4,d : x 1 = x 2 = x 3 = x 5 = x 6 = 

The convex hull of the weights of the action of k* x T on A/"i )U , Af 2)U and 
Af 3) d are represented on Figure |TJ. 
Proposition [12| shows that: 

^(ttoCxo)) * AT (L ±X0 ) //(&* x iV(T)). (4) 

In particular, 

^(tto^o)) ~ (JV 3 , tt U JV^) 88 (L xo ) //(F x N(T)). 

Moreover, by Lemma §, we have (Af 3>u U Af 3 , d )//N(T) ~ Af 3)U //T. This 
implies that 0; 1 (7r o (xo)) — N 3 S U (L X0 ) / / (A;* x T). In particular, this fiber is a 
projective toric variety of dimension one. Then, we have 

0; 1 (7T O (x o ))~P 1 . 



32 



By Isomorphism f|, (jV 1jU U A/"i i(i ) ss (L_ X0 )//(/c* x N(T)) is isomorphic to 
an irreducible component of 0Z 1 (tto(xo)) . Write = . . . ,xs]. The 

vector space k[Af^ u ] T is generated by the monomials x™ 1 ■ --x^ 5 such that 
ni + • • • + n.4 = 715. Moreover, the weight of such a monomial for k* x T is 
—2(4ni + 3n + 2n 3 + n 4 )xo- In particular, the quotient J\fl s u (L- Xo ) / / (k* x T) 
is isomorphic to the weighted projective space P(l,2,3,4) and N(T)/T acts 
trivially on (Ai )M H A/i )t j) //T. Then, Lemma |8| allows us to conclude that this 
irreducible component of 0I 1 (7r (xo)) is isomorphic to P(l,2,3,4). 

Let M>o denote the set of non negative real numbers. If d is a non negative 
integer, we denote by Vd the set of (ni, 7i2, n3, n§) G M> such that: 

n 1 + n 2 + n 3 = n 5 + n e 
and 4(ni + n^) + 2n 2 + 2n§ = d. 

Then, Vd is a convex polytope. 

One can easily prove that A/"| s n (L_ X0 )/ /(k* x T) is isomorphic to 



d>0 (ni,n2,ri3,n5,ne)£'P d ri'Z 5 



JyO X(3 



Since the polytopes Vd are not simplicial, this toric variety is not a 
weighted projective space. Moreover, Isomorphism [| and Lemma § imply 
that an irreducible component of (fiZ 1 (tto(xo)) is isomorphic to this toric va- 
riety. 

A second choice of W 

Set 

W = Vl _i © © 1/3,3- 

The weights of the action of k* x T on © — Xo are the crosses on Figure 0. 

Like in the previous example, we set l = Li + 36(L 2 + L xo ), l± = l ±L X0 . 
The GIT-classes of l± are two chambers C± and the GIT-class of Iq is a 
maximal face F of C+ and C_, too. Let 0+ : X ss (C + )//G — ► X SS (F )//G 
denote the morphism induced by the inclusion X SS (C + ) C X ss (Fq). 

The nil cone Af of W®— Xo has four irreducible components. With obvious 
notations, the equations of these components are: 

•A/"i, u : X\ = X2 = X3 = X4 = X5 = A/i,d : Xi = X2 = X3 = X4 = = 
A/2, u : £5 = x 6 = x 7 = ATod : x 6 = x 7 = x 8 = 
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Figure 3: Weights of k* x T in W <g> ~Xo- 
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By Proposition [T2], we have: 

0; 1 (7T (x )) ~ (A^UA^f {L X0 )//(k* x N(T)). 
Moreover, by Proposition [l3|, the natural map 

■■ ^2%(L X0 )//(k* x T) > (Ar 2 , u UAr 2 , d ) ss (L X0 )// (k* x N(T)) 

is birational and finite. 

The restriction of 9 to (Af 2 ,u H f^2,d) ss (L Xo )/ / {k* x T) is the quotient by 
the action of N(T)/T. But we have: 

fc[A/2,« nA^/ = /c[xix 4 , x 2 x 3 , X1X3, 

Let a : X 2 , X 3 , X 4 ] — >■ /c[xiX4, x 2 x%, x\x\, x&x^[ be the morphism 

defined by ot(X\) = X1X4, a(X 2 ) = x 2 xs, a(X 3 ) = x±x^ and a(X 4 ) = x±x 2 . 
Then, a induces an isomorphism a from k[X\, X 2 , X3, X^/lX^X^ — XjXf) 

onto fc[Af 2 , u nJV 2 /. 

Moreover, 

k[U 2 , u n A/^]^ = a (A;[X 1? X 2 , X 3 + X 4 ]) , 

which is strictly contained in k[Af 2)U r\Af 2) d] T ■ In particular, 8 is not an isomor- 
phism. Since, N 2u (L Xo )//(k* x T) is normal, this implies that 0+ 1 (vr (xo)) 
is irreducible but not normal. 
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